Abstract. It is well known that there exists a regular branched covering map from T 2 ontoC iff the ramification indices are (2, 2, 2, 2), (2, 4, 4), (2, 3, 6) and (3, 3, 3) . In this paper we construct (countably many) chaotic homeomorphisms induced by hyperbolic toral automorphism and regular branched covering map corresponding to the ramification indices (2, 2, 2, 2). And we also gave an example which shows that the above construction of a chaotic map is not true in general if the ramification indices is (2, 4, 4) and also show that there are no chaotic homeomorphisms induced by hyperbolic toral automorphism and regular branched covering map corresponding to the ramification indices (2, 3, 6) and (3, 3, 3) .
Introduction
Let p : T 2 →C be a regular branched covering map from a torus onto the Riemann sphere. Then the ramification indices corresponding to p : T 2 →C are (2, 2, 2, 2), (2, 4, 4) , (2, 3, 6) or (3, 3, 3) . Conversely, if the ramification indices are (2, 2, 2, 2), (2, 4, 4) , (2, 3, 6) or (3, 3, 3) then there exists a regular branched covering map p : T 2 →C whose ramification indices are (2, 2, 2, 2), (2, 4, 4) , (2, 3, 6) or (3, 3, 3) by Riemann-Hurwitz formula. See [7, p.232] , [8, p.29] .
Let (2, 2, 2, 2) be the ramification indices for the Riemann sphere. It is well known that the regular branched covering map corresponding to this, is the Weierstrass P function. Lattès [6] (See also 3, p.291) gives a chaotic rational function R(z) = Let L : C → C be a hyperbolic automorphism, i.e., L(x) = Ax, where A is a 2 × 2 integer matrix, |det(A)| = 1 and hyperbolic. Then a hyperbolic toral automorphism L A : T 2 → T 2 , which is induced by L, is a chaotic map [3, p.192] .
Now let L A : T 2 → T 2 be a hyperbolic toral automorphism and let P : T 2 →C be the Weierstrass P function. Then we have a commutative diagram which induces a homeomorphism of C onto itself (See Figure in Lemma 3.1) . In this paper we construct (countably many) chaotic homeomorphisms, which is not holomorphic, induced by hyperbolic toral automorphism and regular branched covering map corresponding to the ramification indices (2, 2, 2, 2), which is Weierstrass P function (Theorem 3.1). And we also show that the above construction of a chaotic map is not true in general if the ramification indices is (2, 4, 4) . That is, there are no chaotic homeomorphisms induced by hyperbolic toral
and regular branched covering map corresponding to the ramification indices (2, 4, 4) (Theorem 3.2). We also remark that the above construction of chaotic map is impossible when the ramification indices are (2, 3, 6) and (3, 3, 3) (Remark 3.1).
Hyperbolic toral automorphisms and branched coverings
In this section we briefly review chaotic map, hyperbolic toral automorphism and branched coverings of the Riemann sphereC, based on [3] , [4] and [7] .
Let f : M → M be a map of metric space M . A map f : M → M is chaotic iff f has sensitive dependence on initial conditions, f is topologically transitive and periodic points are dense in M . We refer to the reader [3] for detailed definition and examples of chaotic map.
The following simple characterization of a chaotic map, which is proved by Touhey [9] , is very useful to prove whether a map is chaotic or not. For example, we can easily check that the inverse of chaotic homeomorphism is also chaotic by this characterization. For the proof of the following proposition, he applied [1] which showed that sensitive dependence on initial conditions is implied by the remaining two conditions. i then we call Λ the triangular lattice, which we will use later. Now let f : C → C be a function such that f (z) − f (z + nw 1 + mw 2 ) belongs to the lattice points for all points z ∈ C. It follows that π • f (z) = π • f (z + nw 1 + mw 2 ) and therefore f induces a well defined map f :
Let L : C → C be a linear map whose matrix representation is an integer matrix A. ThenL is clearly well-defined on T 2 which is induced by the square lattice. We callL a toral automorphism, denoted by L A . We remark that the inverse of hyperbolic toral automorphism is also hyperbolic by the definition above. Therefore the inverse is also chaotic by the proposition above. We also can see that the inverse is chaotic since the inverse of chaotic map is also chaotic as we mentioned before Proposition 2.1.
Let f : X → X and g : Y → Y be two maps. f and g are said to be topologically conjugate iff there exists a homeomorphism h :
The homeomorphism h is called a topological conjugacy. If the map h is finite to one and onto map in the above then f and g are said to be topologically semi-conjugate. Now we can easily prove the following lemma using Proposition 2.1. 
} is also periodic orbit with period n. Since pΓ ∩ U = ∅ and pΓ ∩ V = ∅, this proves the lemma.
Letf : C → S be a function from the complex plane to a Riemann surface. We call f doubly periodic iff f (z + nw 1 + mw 2 ) = f (z) for m, n ∈ Z and some w 1 , w 2 ∈ C such that w 1 /w 2 / ∈ R. A holomorphic function f is called meromorphic iff it has no singular points other than poles. And a meromorphic doubly periodic function is called an elliptic function.
We remark that we may consider an elliptic function f : C → S as a meromorphic function from T 2 to S by the double periodicity of an elliptic function. In particular we may consider an elliptic function f : C → C as f : T 2 →C by defining f (z) = ∞, where z is a pole.
Let Λ be the lattice induced by w 1 , w 2 ∈ C with w 1 /w 2 / ∈ R. Define
where the sum runs over all nonzero elements w ∈ Λ. Then P(z) is a meromorphic doubly periodic function with periods w 1 and w 2 , i.e., an elliptic function. We call P(z) the Weierstrass P function.
The following basic important properties of Weierstrass P function can be found in several places in the literature on elliptic function theory, for example [10] , [5] .
Properties of the Weierstrass P function (1) P(z) is an even function. are the only zeros of P (z) and therefore P(z) has branch points of index 2 at . In fact, P (
2 ) = e 2 and P( 4 , where g 2 = 60 w =0 w −4 and g 3 = 140 w =0 w −6 for w ∈ Λ. Now let w 1 = 1 and w 2 = i, i.e., Λ is the square lattice. Then P(iz) = −P(z) and P(z) = P(z) since iΛ = Λ andΛ = Λ respectively. Hence we have P(
. Therefore e 1 = −e 2 . Moreover P(
Hence e 1 and e 2 are real numbers and e 3 = 0 by Formula (i). (6) The Weierstrass function not only gives us an example of an elliptic function but enables us to describe the structure of all elliptic functions. In fact,let f (z) be an arbitrary elliptic function with periods w 1 , w 2 and P(z) be the Weierstrass P function with the same periods. Then there exist rational functions R(z) and R 1 (z) such that f (z) = R(P(z)) + R 1 (P(z))P (z). In particular, if f is an even function then f (z) = cR(P(z)), where R(P(z)) =
where the a i s and b i s are those zeros and poles of f respectively which are not lattice points and a i and b i are the representatives of the pairs (a i , −a i ) and (b i , −b i ). In particular, if all the poles of an elliptic functions lie at lattice points, then f (z) = R(P(z)) + R 1 (P(z))P (z) where R and R 1 are polynomial functions (See for details [10] , [5] ).
Remark 2.1. By the property (6), if f is an even elliptic function which has the pole only on the lattice points, then f (z) = R(P(z)) where R is a polynomial function, g 2 and g 3 are the numbers in Property (5). 
with n ≥ 1 and c n = 0, then we call the integer n = n(z 0 ) the branch index or the local degree of f at z 0 . Therefore n(z) ≥ 2 if and only if z is branch point. 
A regular branched covering map p : M → S has the following special properties:
(1) We can identify S with the quotient manifold M/G p , and therefore the map p can be identified with the quotient map. (2) The branch index n(z) depends only on the target point p(z), i.e., n(z 1 ) = n(z 2 ) if p(z 1 ) = p(z 2 ). So we can define the ramification function ν : S → {1, 2, 3, · · · } for p by setting ν(w) equal to the common value of n(z) for all points z in p −1 (w). We will call ν(w) the ramification index of w or will also call the branch index of w.
Definition 2.4. A pair(S, ν) consisting of a complex manifold S and a ramification function ν : S → {1, 2, 3, · · · } which takes the value ν(w) = 1 except at isolated points will be called an orbifold. In case S is a Riemann surface we call (S, ν) a Riemann surface orbifold.
By the "ramification indices" we mean the list of values of the ramification function at the s ramified points, ordered so that ν(
Let p : T 2 →C be a regular branched covering map from a torus onto the Riemann sphere . Then the ramification indices corresponding to p : T 2 →C are (2, 2, 2, 2), (2, 4, 4) , (2, 3, 6) or (3, 3, 3) . Conversely, if (C, ν) be an orbifold whose ramification indices are (2, 2, 2, 2), (2, 4, 4) , (2, 3, 6) or (3, 3, 3) then there exists a regular branched covering map p : T 2 →C whose ramification indices are (2, 2, 2, 2), (2, 4, 4) , (2, 3, 6) or (3, 3, 3) by Riemann-Hurwitz formula. See [7, pp.229-233] and [8] for detailed definitions and properties of ramification indices and branched coverings.
Let Λ be the square lattice. Now let (2, 2, 2, 2) be the ramification indices. Then the branched covering corresponding to the ramification indices (2, 2, 2, 2) is just the Weierstrass P function Moreover the geometry of Weierstrass P function is just quotient map from T 2 ontoC such that z and −z have the same image. [3, p.292] Geometry of Weierstrass P function
The following is one of the famous examples of chaotic maps, so called Lattès example. 
and therefore the map R =
Theorem 2.1. Let (2, 4, 4) be the ramification indices. Then the branched covering map from T 2 toC corresponding to this indices is (P(z)) 2 whose ramified points are 0, ∞ and e 2 1 with index 4,4, and 2 respectively.
Proof. Note that the discrete subgroup of covering transformations Γ of C corresponding to the ramification indices (2, 4, 4) is generated by the maps z → z + a and z → iz for a ∈ Z[i], where Z[i] is a cyclic group generated by the imaginary number i [4] . Then C/Γ is biholomorphic toC and the quotient map π : C →C is just the branched covering map corresponding to the ramified indices (2, 4, 4) . Therefore we have induced map π : T 2 →C where T 2 is induced by the square lattice. Note that the map π is an even elliptic function with periods 1 and the imaginary number i, since π(z) = π(iz) = π(i 2 z) = π(−z). Now we may see that 0 is a pole of index 4 and is the only pole since the sum of indices of zeros and the sum of indices of poles are equal. Since π(z) is an even function, π(z) = (P(z) − P(a i )) where a i s are the zeros of π by the Property (6) of the Weierstrass P function. Recall that the sum of indices of zeros and the sum of indices of poles are equal. Therefore we may see that 2 . Also recall that P( 
Chaotic homeomorphisms of C
In this section we construct chaotic map induced by hyperbolic toral automorphisms and the Weierstrass P function, which is branched covering corresponding to the ramified indices (2, 2, 2, 2). And we also show that the above construction of chaotic maps is not true in general if the ramification indices is (2, 4, 4) . That is, there are no chaotic homeomorphisms induced by hyperbolic toral automorphism L A = 2 1 1 1 and regular branched covering map corresponding to the ramification indices (2, 4, 4) . We also remark that the above construction of chaotic map is impossible when the ramification indices are (2, 3, 6) and (3, 3, 3) . Since we have countably many hyperbolic toral automorphisms we now have one of our main theorems in this paper. Now we consider the ramification indices (2, 4, 4) . Recall that the branched covering corresponding to this indices is (P(z)) 2 . Also recall that (P(z)) 2 have ramified points 0, and ∞ of index 4 and e 1 2 of index 2.
We show that Theorem 3.1 is not true in general if the ramification indices is (2, 4, 4) as the following theorem shows. 
G H
Since the Weierstrass P function and z 2 are finite to one and onto map and the upper diagram commutes by Lemma 3.1, if the big diagram commutes then the lower diagram commutes. But it is impossible. In fact, let P(1/2) = e 1 , P(i/2) = e 2 and P((1+i)/2) = e 3 . Then e 1 = −e 2 which are real and e 3 = 0 in this lattice( the square lattice). Therefore e 1 and e 2 have the same image by the map z 2 . Now T A (1/2) = i/2, T A (i/2) = (1 + i)/2 and T A ((1 + i)/2) = 1/2. Hence H(e 1 ) = e 2 , H(e 2 ) = e 3 = 0 and H(e 3 ) = e 1 by the commutativity of the upper diagram. Consider the lower diagram. Recall that e 1 and e 2 have the same image by the map z 2 . But H(e 1 ) = e 2 and H(e 2 ) = 0 does not have the same image by the map z 2 . So the lower diagram does not commute, and therefore the big diagram does not commute. Consequently we can not find the chaotic map such that the big diagram commutes.
Remark 3.1. Let (2, 3, 6) and (3, 3, 3) be the ramification indices. Then the transformation subgroup Γ corresponding to the ramification indices (2, 3, 6 ) is generated by z → z + a and z → wz for a ∈ Z [w] and w = e
